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Page 3 of 39 investigated the attenuation performance of the liquid spring dampers with highly compressible fluids.
Welsh [12] analyzed the dynamic characteristics of helicopter-used hydraulic damper with gas chamber and spring-assisted valve under low and high frequency excitations, both numerically and experimentally. Farjoud et al. [13] studied the characteristics of hydraulic damper as well. The constant liquid bulk modulus was used in their models to represent the compressibility of fluid under different pressures. By taking into account the entrapped air in the fluid, which has a great influence on the fluid bulk modulus during initial compression [14] , Titurus [15] , [16] and Gholizadeh et al. [17] introduced the effective bulk modulus in their models. With the consideration that the effective fluid bulk modulus would change with pressure and air content, Wang et al. [18] developed models with the effective bulk modulus being a function of the pressure and air content, with experiments conducted to validate the simulation model. In addition, a gaseous cavitation is an important issue that results in negative effects on the performance of hydraulic systems [19] . Its effects on hydraulic damper performance, especially on damping characteristics, have been investigated numerically and experimentally [20] . 
Landing gear in the RLV test prototype
This section introduces the configuration of the landing gear for the vertical landing RLV and explains the working procedure of the landing gear. After this, the configuration of the liquid spring damper in landing gear is presented and its working principles are explained.
Overall scheme of landing gear
The overall scheme of the landing gear in the vertical landing RLV is shown in Figure 1 . The architecture of this stowable four-legged landing gear system is motivated by the existing industry-based design. Each landing leg consists of the main strut, auxiliary strut and footpad. Figure 1 Overall architecture of the considered landing gear system When the vehicle is launched, the landing gear system is in a retracted state, with the main strut in a stowed position. During the RLV landing, the main strut is extended by the deployable struts and the liquid spring damper, which is mounted at the lower end of the main strut, absorbs the landing energy through its compression and extension. Page 5 of 39
Working principle of the liquid spring damper
The configuration of the liquid spring damper and its hydraulic network are shown in Figure 2 . The damper mainly includes the piston rod, piston, cylinder and sealing device. The piston rod is attached to the deployable telescopic strut while the cylinder is connected to the auxiliary strut by the revolute joint. When the piston rod moves with the stroke s p relative to the cylinder under the axial force F h , the fluid flows through the orifice with the volumetric flow rate Q o . This flow generates the pressure difference △P(t) between the upper and lower chambers. Meanwhile, with increasing piston stroke, the total volume of both chambers gets reduced and the liquid is pressurized due to the area difference between the two sides of the piston, which develops a spring force in the damper. Highly compressible dimethyl silicone oil is used as the working fluid in the liquid spring damper. In this work, the parameters , B and  denote the liquid or fluid density, the bulk modulus and the dynamic viscosity, respectively, and indices 1 and 2 are employed to distinguish the two chambers.
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Nonlinear landing gear model

RLV dynamic model
The RLV dynamic model presented in this section is directly coupled with the liquid spring damper model to form an overall RLV landing simulation framework. The system shown in Figure 1 is considered during its symmetric soft landing. The symmetry consideration enables a relatively low order vertically moving RLV model which represents the landing mechanics of this configuration with a single modelled landing leg and its liquid spring damper.
The proposed 3-DOF model is shown in Figure 3 . The vehicle is split into an upper and lower mass, which are, respectively, concentrated in the gravity center of the vehicle's main body and footpad. The upper mass with one vertical degree of freedom is connected to the two-degree-of-freedom lower mass by the main strut and auxiliary strut. The upper mass includes a quarter of main body, deployable struts, piston rod of the liquid spring damper and half-mass of the auxiliary strut in a single landing leg, while the lower mass contains the damper outer cylinder, half-mass of the auxiliary strut and the footpads in this landing leg. On touchdown, the contact forces from the ground are passed through the lower mass to the upper mass, causing the deflection of the main and auxiliary struts.
Figure 3 Geometry of the RLV vertical landing configuration
The governing equation of motion for the upper mass is given as follows:
where m u is the upper mass, g is the acceleration of gravity, v c is the velocity of upper mass in vertical direction in the global coordinate frame, F h and F a are the axial forces of the main and auxiliary strut, respectively,  and  are the rake angle of main and auxiliary strut, respectively, which can be denoted as 22 22 arcsin ( ) ( )
where y c is the vertical position of the upper mass gravity center, x f and y f represent the coordinates of the lower mass, h u and l u are the distances between the main body gravity center and the connection points between the main strut and main body in vertical and horizontal directions, respectively, h d and l d are the distances between the main body gravity center and connection point between the auxiliary strut and main body in vertical and horizontal directions, respectively.
The governing equation of motion for the lower mass is given as follows 
where m d is the lower mass, v yf and v xf are the velocities of lower mass in vertical and horizontal directions, respectively, F n and F t are the contact forces from the ground in the vertical and horizontal directions, respectively.
Then, the stroke of the main strut s p can be expressed as:
where l p0 is the length of the main strut at fully extended configuration.
The velocity of the main strut v p can be deduced by differentiating equation (4) with respect to 
Similarly, the stroke and velocity of the auxiliary strut s a , v a are Page 8 of 39
where l a0 is the initial length of the auxiliary strut.
Main strut model
The deflection of the main strut is mainly due to the compression of the hydraulic damper.
Therefore, this section focuses on the establishment of the nonlinear liquid spring damper model. The compressibility of fluid, entrapped air, fluid flow inertial effects and cavitation phenomena are included in this mathematical model with the following assumptions:
1. The temperature is assumed to be constant and the deformation of the damper's outer cylinder is ignored during the touchdown.
2. The entrapped air and vapor are uniformly distributed in the liquid. The pressure, fluid density and effective bulk modulus are defined as lumped parameters for each working chamber.
3. The vapor pressure of the liquid is chosen as a conservative estimate of 0.05 bar for predicting the onset of cavitation. The vapor phase forms and collapses instantaneously when the pressure is below and above, respectively, the vapor pressure [21] and it behaves as an ideal gas [22] . 4 . The volumetric reduction of entrapped air due to air dissolving into liquid is negligible.
The air undergoes isothermal process during quasi-static compression tests and polytropic
process during touchdown tests [23] .
In this paper, the liquid refers to the dimethyl silicone oil, while the fluid refers to the mixture of silicone oil, entrapped air and vapor (if present).
Liquid spring damper model with compressible fluid
Based on the mass conservation principle, the relationship for the general i th variable fluid volume can be denoted as follows [24] ,, ( ) ( )
where V i is the volume of the i th chamber, P i is the pressure of the i th chamber, B i (P i ) is the fluid bulk With reference to equation (7) and Figure 2 (b), the following equations can be written for chamber 1 and 2
where an overdot represents a derivative with respect to time.
Based on Figure 2 (a), volumes V 1 and V 2 are defined as follows
where V 01 and V 02 are the initial or reference volumes of the respective chambers, A P,1 and A P,2 are the wetted piston areas in chamber 1 and 2, respectively.
According to Figure 2 (b), the outflow path in chamber 1 is the same as the inflow path in chamber 2. It is assumed that the corresponding flow is incompressible, ,1 
Equation ( 
Model of the pressure losses with inertial effects
Based on the unsteady Bernoulli equation [25] , the pressure drop across the orifice 12 PP − consists of the laminar and turbulent pressure losses f P  and inertance pressure drop i P  . The standard combined laminar-turbulent pressure loss model [24] is related to the flow rate as follows 22 8
where l h is the length of the orifice, A o is the orifice area, C d is the discharge coefficient,
, is the dynamic viscosity of fluid in the orifice,  avg is selected to be the average viscosity of the two chambers due to viscosity discontinuity between the chambers. The specific dynamic viscosity equation is included in the following section 3.2.4.
The inertance pressure drop [25] , [26] can be interpreted as the pressure differential required to accelerate the fluid column located in the flow path. This flow path is represented by the orifice in this work. This model is represented as follows
where I h is the inertance of fluid in the orifice and C c is the orifice jet contraction coefficient [25] .
From equations (11) and (12) , the fluid flow model is 12 22 
where 12 fi P P P P − =  +  is the total pressure difference across the orifice or other fluid flow paths.
Model of cavitation
The cavitation is a complex phenomenon which involves the vapor formation, its growth and collapse. During the landing impact with high touchdown velocities, the local pressures inside the hydraulic damper can fall close to the vapor pressure where the cavitation is expected to occur [27] .
Based on the previous assumptions, an additional working volume state variable which represents the vapor volume V v is introduced and used to detect the cavitation and its evolution in time. For a given Page 11 of 39 time instant, the mass balance, in a working volume with the non-dissolved air-liquid mixture and liquid vapor which is characterized by the ideal gas law, is used to define the vapor volume as ()
where  m (P v ) is the varying density of the air-liquid mixture, m f and V are, respectively, the total mass and total volume of the working chamber under consideration, M v is the constant molar mass of the liquid vapor, P v is the constant vapor pressure of the liquid, R is the universal gas constant and T is the absolute ambient temperature.
The temporal variation of the j th vapor volume vj V , 1,2 j = , can be attained by differentiating equation (14) with respect to time. With this additional modelled phenomenon, each working chamber is characterized by a pair of states , j v j PV , 1,2 j = . It is assumed that the minimum pressure in any chamber j P is equal to the vapor pressure. After this condition is reached, i.e. jv PP = and <0 j P , the chamber pressure remains constant while the vapor volume starts to increase
Similarly, when the chamber pressure is above the vapor pressure and the vapor volume becomes zero, i.e. jv PP  and 0 vj V = , the j th chamber pressure in equation (10) is used to calculate the chamber pressure j P , with d / d 0 vj Vt = .
Model of density, effective bulk modulus and viscosity
The presence of entrapped air bubbles and vapor in liquid can significantly influence the density, effective bulk modulus and viscosity of fluid [17] . Therefore, it is necessary to obtain these parameters depending on two different circumstances: 1. Only air bubbles exist in the working volumes, 2. Both air bubbles and vaporized liquid exist in the working volumes. For simplicity, the use of the chamber subscript j is dropped in this section.
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Case 1: Only air bubbles
For convenience of derivation, a unit volume of liquid at the atmospheric pressure P atm is considered, that is V liq (P atm )=1. The air content x a is defined as
where V air (P atm ) is the volume of entrapped air at P atm .
Then, the fluid mass m fluid can be obtained as
where  liq (P atm ) is the density of pure liquid under atmospheric pressure,  air (P atm ) is the density of air in the fluid under atmospheric pressure.
The density of fluid under a certain pressure  fluid (P) is
where V liq (P) and V air (P) are the volume of liquid and air under a certain pressure P, respectively.
With the mass conservation of liquid, V liq (P) can be attained as
where  liq (P) is the density of liquid under a certain pressure P.
With the assumption of ideal gas, V air (P) can be obtained as
where  is the polytropic exponent.
The bulk modulus of liquid under pressure P, B liq (P), which is assumed to change linearly with pressure, following the relationship [28] , is
where C B is the coefficient representing the increment of bulk modulus with increasing pressure.
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Based on the definition of the tangent bulk modulus for fluid [29] , the liquid bulk modulus B liq can be integrated with respect to the density of liquid under pressure P,  liq (P). Then  liq (P) can be obtained
Finally, by employing equations (17), (19) , (20) and (22), equations (18) can be transformed to the following form
Based on this, the effective fluid bulk modulus under pressure P, B fluid (P) is
The effective fluid viscosities in chambers 1 and 2 with entrained air are assumed to change with their respective pressures [30] . Then, the average fluid viscosity  avg through the orifice is obtained from the individual effective fluid viscosities in chambers 1 and 2
where  l is the viscosity of liquid, K  is a coefficient based on experiments by Hayward as referred in [30] .
Case 2: Air bubbles and vaporized liquid
When cavitation occurs, a volume of vaporized liquid is produced. Under this condition, it is assumed that there is liquid, air and vaporized liquid coexisting and uniformly distributed in the fluid.
The unit liquid volume assumption is still used to derive the following equations. The fluid mass is the same as that in equation (17) and the fluid density can be written as follows
where V air (P) is presented in equation (20), V v is obtained from equation (15) and V liq (P) can be written
where T 0 is the ambient temperature, V is the total volume of chamber.
The effective bulk modulus of fluid under cavitation conditions can be deduced as
When excluding the vapor phase and under the vapor pressure, the density of air-liquid mixture  m (P v ) used in equation (14) can be deduced as follows
Assuming that
can be further assumed from equation (27) 
With these assumptions and based on equation (29), it can be obtained that d ( ) /d 0 mv Pt  = . This development further facilitates the derivative of V v with respect to time in equation (15) .
By using equation (25) and considering the vapor phase as a part of the chamber's entrained air, the effective viscosity under cavitation conditions is deduced as
Model of friction
When calculating the friction force between the piston, piston rod and cylinder, the modified Reset Integral Friction Model [31] is employed. The nominal model can represent the stick-slip friction Page 15 of 39 phenomenon while retaining a good computational efficiency. The Stribeck effect is also considered to represent the variation of the friction force with the relative velocity p v between the piston and cylinder [32] . The side load between the piston and cylinder is assumed to be negligible because of the landing leg configuration shown in Figure 1 .
An additional state variable s r is introduced to monitor the friction state and to enable computation of the friction force 
When in the stick zone, the friction state variable is defined as follows 
where K r is the spring rate which determines the restoring part of the force, a r represents the increase of the force that occurs during the sticking response mode, C r is the damping coefficient during the sticking mode used to prevent non-physical oscillations, b strib is a positive constant which represents the rate of the dynamic friction force variation with the relative velocity v p . In addition, the friction force between the cylinder and seal is related to the chamber pressures [33] . In this work, K r is assumed to change linearly with the reference chamber pressure following the relationship 
where K r0 is the initial value under atmospheric pressure and C k represents the rate of change in K r with the reference chamber pressure. Both parameters are determined through parameter identification. Page 16 of 39
Auxiliary strut model
Axial stiffness and damping are introduced to establish the simplified model of the auxiliary strut.
Referring to the expression for the spring-damper force model [34] , the relationship between the auxiliary strut force and its axial deflection is denoted as follows
are the axial stiffness and damping coefficient of the auxiliary strut, respectively, A eff is the effective area of auxiliary strut, E a is the effective elastic modulus of the auxiliary strut material,  is the damping ratio, e k is the exponential coefficient of the nonlinear strut spring force, which is introduced to represent the stiffness hardening effect with increasing deflection due to elastic washers and, approximately, gaps and freeplay in the connection joint, sign( )  is the signum function.
Footpad-ground contact model
The footpad-ground contact force is simulated by employing a spring-damper model for the normal contact force n F and a friction model for the friction force t F .
The spring-damper model considers the normal penetration depth and velocity through the ground.
The normal contact force n F is attained from the penetration of the footpad as follows ramp( ) 0
where K g is the ground spring constant, e n is the exponential coefficient of the penetration depth,  F is the footpad penetration depth, C gmax is the maximum damping coefficient of ground contact, ramp( F ) is a ramp function which increases from 0 to 1 during pen [0, ]  . C gmax ·ramp( F ) represents the variable ground damping coefficient throughout footpad penetration. When the penetration depth  F increases from 0 to  pen , the variable damping coefficient increases from 0 to C gmax . When  F is greater than  pen , the damping coefficient remains at the constant value C gmax . Therefore,  pen is the minimum penetration The Reset Integral Friction Model [31] with the Stribeck effect is used in modified form here to model the contact friction between the footpad and ground. The contact tangential friction force t F between the footpad and ground uses equation (33) with the new state variable s rf . Additionally, the spring rate parameter in this case is defined as
where  c is the friction coefficient of the footpad-ground contact.
Nonlinear vertical landing RLV model
For the computations, the overall and liquid spring damper models are implemented in MATLAB 
The flow chart demonstrating the integration of all relevant equations is presented in Figure 4 . 
Parameter identification and validation analysis 4.1 Prototype design and test scheme
The prototype of the vehicle's main body with the landing system is designed, built and then tested 
System parameters
The complete RLV landing prototype model can be represented by equations (38) and (39) . It depends on several mechanical, hydraulic, friction and contact model parameters. These parameters are obtained through direct measurements, e.g. geometry and weights, from the product specifications, e.g. standard liquid properties, from previous research, e.g. footpad-ground contact parameters, and parameter identification completed as a part of the present research, e.g. advanced compressibility, standard flow characteristics and some friction-related parameters. Orifice jet contraction coefficient: C c 0.8
The gas polytropic exponent:  1.0 (quasi-static condition)
(dynamic condition [23])
The available parameters of the vehicle's main structure, as determined through the direct measurements on the test prototype, are summarized in Table 2 . Table 2 The parameters of the vehicle's structure while the parameters in the auxiliary strut force and the contact force between the ground and footpad are determined based on previous research [37] and [38] . The typical range for the damping ratio of a steel and jointed auxiliary strut is assumed to be in the range between 0.03 and 0.3 [39] . Through correlating the 3-DOF model's auxiliary strut forces for several damping ratios from this range with the corresponding experimentally measured forces, the value 0.2 is chosen for all following studies. The parameter values are summarized in Table 3 . Table 3 The parameters in damper friction, auxiliary strut and contact force models
Parameters Value Units
Increase ratio of friction force during sticking mode, a r 0.25
The constant of the Stribeck effect, b strib 0.001 m/s
The elastic modulus of auxiliary strut material, E a 206 GPa
The damping ratio of the auxiliary strut, 
0.2
The exponential coefficient of the auxiliary strut force, e k 2
The spring constant of the ground contact force,
The maximum damping coefficient of ground contact, C gmax The results of the analyses described in this section are summarized in the following tables and figures. The identified damper parameter values are shown in Table 4 . The final R RMS values for the damper forces and their enhancement after optimization are provided in Table 5 . The comparison of the damper axial forces between the simulation and experiments under quasi-static condition across all tested devices are shown in Figure 7 . The individually identified parameters for each damper, their average values and standard deviations are presented in Table 4 . The average values are used in the 3-DOF dynamic model in section 5. The standard deviations reflect the degree of dispersion of the corresponding parameters across all studied dampers. It can be seen that the liquid compressibility parameters for the dampers are identified consistently, while more significant differences and identification uncertainty exists among the friction parameters. This can be exemplified by the wide dispersion in the identified values of the damping coefficient during sticking mode C r . represents an improved prediction, while a negative value represents a worse prediction. After determining the suitable parameters of the Savitzky-Golay filter, the measured and processed damper displacement and velocity data under two landing conditions are shown in Figure 9 . Alternatively, these oscillatory effects can be attributed to the flexibility of the vehicle's main body.
Overall, the displacements and velocities of four dampers have the same general shape, which demonstrates that the RLV prototype lands vertically during the tests with no significant tilt angles. The landing gear system, therefore, can be assumed to be symmetric with symmetric loading. contact effects in the full tested RLV prototype. For the simulated curves, these effects result from the high-frequency oscillations present in the smoothed and differentiated experimental displacements and velocities which are used as the excitation inputs in the local damper model studies.
Dynamic model validation
The Generally, the liquid spring damper model developed and evaluated in this work can represent the observed experimental behavior with acceptable discrepancies. The adopted approach provides the low order damper and RLV models while maintaining close links with the performance-critical physical principles, which makes them suitable for future more detailed studies such as asymmetric landing, and other critical performance.
Conclusion
